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Abstract
The aim of this note is to extend some classical results on the shape preserving approximation of real functions
(of real variables) to functions with values in ordered vector spaces.
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1. Introduction
Like in the case of real valued functions, firstly we can introduce the following concepts.
Definition 1.1. (i) Let (X, ‖ · ‖) be a real normed space.
A generalized algebraic polynomial of degree ≤ n, with coefficients in X is an expression of the form
Pn(x) =∑nk=0 ck xk , where ck ∈ X , k = 0, . . . , n, and x ∈ [a, b].
(ii) For f : [−1, 1] → X , the uniform kth Ditzian–Totik modulus of smoothness of f on [−1, 1] is
given by
ωkφ( f ; δ)+∞ = sup
0≤h≤δ
‖∆khφ(x) f (x)‖+∞,
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where φ2(x) = 1 − x2 and ∆kh f (x) =
∑k
j=0(−1) j
(
k
j
)
f (x + kh/2 − jh), if x , x ± kh/2 ∈ [−1, 1],
and ∆kh f (x) = 0, otherwise. Here ‖ f ‖∞ = sup{‖ f (x)‖; x ∈ [−1, 1]}.
(iii) For f : [−1, 1] → X , the uniform kth modulus of smoothness is given by
ωk( f ; δ)∞ = sup
0≤h≤δ
{sup{‖∆kh f (x)‖; x, x + kh ∈ [−1, 1]}}.
Here ∆kh f (x) =
∑n
j=0(−1)k− j
(
k
j
)
f (x + jh).
The main result deals with some shape preserving approximation results for generalized polynomials
for f : [−1, 1] → X , when (X, ‖ · ‖,≤) is a normed space endowed with a structure of a ordered linear
space. We thus extend the classical result for the case of real functions of real variables in [3].
The main tool used in our proof is based on the following well-known result in Functional
Analysis.
Theorem 1.2. Let (X, ‖ · ‖) be a normed space over the real or complex numbers and denote by X∗ the
conjugate space of X. Then, ‖x‖ = sup{|x∗(x)| : x∗ ∈ X∗, |||x∗||| ≤ 1}, for all x ∈ X.
2. Shape preserving approximation
In this section, (X, ‖ · ‖,≤X ) is a normed space such that ≤X is an order relation on X which satisfies
the conditions
x ≤X y, 0 ≤ α, imply αx ≤X αy;
x ≤X y and u ≤X v imply x + u ≤X y + v.
Definition 2.1. Let f : [a, b] → X .
(i) f is called increasing on [a, b] if x ≤ y implies f (x)≤X f (y);
(ii) f is called convex on [a, b] if
f (λx + (1 − λ)y)≤X λ f (x) + (1 − λ) f (y),∀x, y ∈ [a, b], λ ∈ [0, 1].
The main result is the following:
Theorem 2.2. There exists an absolute constant C > 0 such that for any convex function f : [−1, 1] →
X and every n ∈ N, there is a convex generalized algebraic polynomial Pn(x), of degree ≤ n, such that
‖ f − Pn‖∞ ≤ Cω2φ( f ; 1/n)∞
and
‖ f (x) − Pn(x)‖ ≤ Cω2
(
f ;
√
1 − x2/n
)
∞ , x ∈ [−1, 1].
If, in addition, f is increasing, then so is Pn.
Proof. As suggested by the case of real valued functions (see [3]), let us define the generalized algebraic
polynomial of degree ≤ n by
Pn( f )(x) = f (−1) +
n−1∑
j=0
s j [R j (x) − R j+1(x)],
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where s j = f (ξ j+1)− f (ξ j )ξ j+1−ξ j , j = 0, . . . , n −1 and −1 = ξ0 < · · · < ξ j < · · · < ξn = 1, R j (x) are defined
as in [3, p. 472–473].
Simple algebraic calculation shows that we can write
Pn(x) = f (−1) + s0 R0(x) +
n−1∑
j=1
(s j − s j+1)R j (x).
Writing Fj (x) = R j (x)− R j+1(x), it is proved in [3] that Fj (x) are increasing and R j (x) are convex
real valued functions on [−1, 1].
First, let us suppose x , y ∈ [−1, 1], x ≤ y and that f is increasing on [−1, 1]. It follows that 0X ≤ s j ,
which immediately implies
Pn( f )(x) = f (−1) +
n−1∑
j=0
s j Fj (x)≤X f (−1) +
n−1∑
j=0
s j Fj (y) = Pn( f )(y),
i.e. Pn( f ) is increasing.
If we suppose that f is convex on [−1, 1], by ξ j−1 < ξ j < ξ j+1, we can write ξ j = λξ j−1 +
(1 − λ)ξ j+1, with suitable λ ∈ (0, 1). Then, by the relation
s j − s j−1 = 1
λ(1 − λ)(ξ j+1 − ξ j ) · [(1 − λ) f (ξ j+1) + λ f (ξ j−1) − f ((1 − λ)ξ j+1 + λξ j−1)],
we get 0X ≤X s j − s j−1 and therefore
Pn( f )[λx + (1 − λ)y] = f (−1) + s0 R0(λx + (1 − λ)y)
+
n−1∑
j=1
(s j − s j−1)R j [λx + (1 − λ)y]≥X f (−1) + s0[λR0(x) + (1 − λ)R0(y)]
+
n−1∑
j=1
(s j − s j−1)[λR j (x) + (1 − λ)R j (y)] = λPn( f )(x) + (1 − λ)Pn( f )(y),
i.e. Pn( f ) is convex on [−1, 1].
Now, in order to prove the estimates, let x∗ ∈ B1 and write g(x) = x∗[ f (x)], x ∈ [−1, 1]. By [3], we
have
|g(x) − Pn(g)(x)| ≤ Cω2
(
g;
√
1 − x2/n
)
∞ , x ∈ [−1, 1]
and
‖g − Pn(g)‖∞ ≤ Cω2φ(g; 1/n)∞.
By |∆2h g(x)| = |x∗[∆2h f (x)]| and by
|g(x + hφ(x)) − 2g(x) + g(x − hφ(x))| = |x∗[ f (x + hφ(x)) − 2 f (x) + f (x − hφ(x))]|
≤ |||x∗||| · ‖ f (x + f φ(x)) − 2 f (x) + f (x + hφ(x))‖
≤ ‖ f (x + hφ(x)) − 2 f (x) + f (x + hφ(x))‖,
we easily get ω2
(
g;√1 − x2/n
)
∞ ≤ ω2
(
f ;√1 − x2/n
)
∞ and ω
2
φ(g; 1/n)∞ ≤ ω2φ( f ; 1/n)∞.
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Also, we have
|x∗[ f (x) − Pn( f )(x)]| ≤ Cω2
(
f ;
√
1 − x2/n
)
∞ , x ∈ [−1, 1]
|x∗[ f (x) − Pn( f )(x)]| ≤ Cω2φ( f ; 1/n)∞, ∀x ∈ [−1, 1],
since Pn(g)(x) = x∗[Pn( f )(x)] from the linearity of x∗.
Passing to supremum with x∗ ∈ B1, from Theorem 1.2 we obtain the desired estimates in the
statement of the theorem. 
Remark. The x∗-method in this note was used for the first time in the case of approximation with
Bernstein, Kantorovich and Lagrange generalized polynomials in the paper [1] and the book [2, end of
Section 1.2].
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